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In a recent Letter [1] (see also [2]), Hunt and Ott ar-
gued that short-period unstable periodic orbits (UPOs)
would be the invariant sets associated with a chaotic at-
tractor that are most likely to optimize the time aver-
age of some smooth scalar performance function. In this
Comment, we show that their conclusion does not hold
generally and that optimal time averages may specifically
require long-period UPOs. This situation can arise when
long-period UPOs are able to spend substantial amounts
of time in a region of phase space that is close to large
values of the performance function.
Our counterexample is based on a numerical study of
the Lorenz equations [3] for the classical parameter values
r = 28, σ = 10, and b = 8/3, for which most initial
conditions evolve towards the familiar butterfly-shaped
chaotic attractor. We chose as a physically-motivated
performance function the Nusselt number N(t) which is a
dimensionless spatially-averaged measure of the vertical
heat transport of a convection cell [4]; for the Lorenz
equations, it is given in terms of the Lorenz variables x
and y by
N = 1 +
2
br
xy. (1)
We evaluated the time average of this expression, 〈N〉t,
for each of 718 distinct UPOs of the Lorenz equations
which had been calculated by a damped-Newton numeri-
cal method described elsewhere [5]. A comparison of the
calculated UPOs with a known binary symbolic dynam-
ics showed that all UPOs of period T ≤ 6.0 were found
by our method.
Our results are summarized in Fig. 1. Panel (a) shows
how the time-averaged Nusselt number 〈N〉t depends on
the period T of the UPOs. The shortest period UPOs
give average heat transport values that are less than the
average value for the chaotic attractor itself (indicated
by the horizontal line at N = 2.68). The largest values
of 〈N〉t occur with increasing period. All these values
should be compared with the still larger value N = 2.93
that is attained for the two nonzero unstable fixed points
x = y = ±
√
b(r − 1), z = r−1. Panel (b) shows that the
long-period large-Nusselt-number UPOs achieve a larger
value of 〈N〉t specifically because they are asymmetric
and spend more time in the vicinity of a nonzero fixed
point. Symbolic dynamics predicts the existence of these
asymmetric UPOs up to an arbitrarily long period. Since
the fixed points lie distinctly outside the Lorenz attrac-
tor, the Nusselt number of all UPOs should be strictly
bounded by the fixed-point value.
−20.0 −10.0 0.0 10.0 20.0
X
−30.0
−10.0
10.0
30.0
Y
0.0 4.0 8.0 12.0
Period T
2.62
2.66
2.70
2.74
2.78
<
N
> T
a)
b)
FIG. 1. (a) Time-averaged Nusselt number < N >t ver-
sus period T for unstable period orbits (UPOs) associated
with the Lorenz attractor. (b) Projection on the x− y plane
of a long-period UPO with T = 9.82 and N = 2.750, showing
the asymmetry that allows the UPO to spend much time near
a fixed point with large Nusselt number.
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